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Numerical methods such as boundary element methods are widely used for the stress analysis in solid mechanics.
These methods are also used for crack analysis in rock fracture mechanics. There are singularities for the stresses
and displacements at the crack tips in fracture mechanics problem, which decrease the accuracy of the numerical results
in areas very close to the crack ends. To overcome this, higher order elements and isoperimetric higher order elements
have been used. Recently, special crack tip elements have been proposed and used in most of the numerical fracture
mechanics models. These elements can drastically increase the accuracy of the results near the crack tips, but in most
of the models only one special crack tip element has been used for each crack end. In this study the uses of higher order
crack tip elements are discussed and a higher order displacement discontinuity method is used to investigate the eﬀect of
these elements on the accuracy of the results in some crack problems. The useful shape functions for two special
crack tip elements, are derived and given in the text and appendix for both inﬁnite and semi-inﬁnite plane problems.
In this analysis both Mode I and Mode II stress intensity factors are computed . Some example problems are solved
and the computed results are compared with the results given in the literature. The numerical results obtained here
are in good agreement with those cited in the literature. For the curved crack problem, the strain energy release rate,
G can be calculated accurately in the vicinity of the crack tips by using the higher order displacement discontinuity
method with a quadratic variation of displacement discontinuity elements and with two special crack tip elements at
each crack end.
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doi:10.1016/j.ijsolstr.2005.04.042
* Corresponding author. Tel.: +98 351 8225328; fax: +98 351 8216900/0098 351 8210699.
E-mail addresses: mfatehi@yazduni.ac.ir (M.F. Marji), hhn@yazduni.ac.ir (H. Hosseini_Nasab), kohsary@yahoo.com (A.H.
Kohsary).
1 Fax: +98 351 8210699.
1670 M.F. Marji et al. / International Journal of Solids and Structures 43 (2006) 1669–1692Keywords: Rock fracture mechanics; Higher order elements; Special crack tip elements; Numerical methods1. Introduction
In the fracture analysis of brittle substances (like most of the rocks), the Mode I and Mode II stress
intensity factors can be calculated by numerical methods using ordinary element. The accuracy of the
numerical results are increased by using isoparametric elements and crack tip elements (Ingraﬀea and
Hueze, 1980; Ingraﬀea, 1983; Blandford et al., 1982; Ingraﬀea, 1987; Guo et al., 1990; Scavia, 1990; Hwang
and Ingraﬀea, 2004). Boundary element method is one of the powerful numerical methods and has been
extensively used in fracture mechanics (Aliabadi and Rooke, 1991; Aliabadi, 1998). Displacement discon-
tinuity method is an indirect boundary element method which has been used for the analysis of crack prob-
lems related to rock fracture mechanics and in most cases the problem of crack tip singularities has been
improved by the uses of one crack tip element for each crack tip (Guo et al., 1992; Scavia, 1992; Shen
and Stephansson, 1994; Scavia, 1995; Tan et al., 1996; Carpinteri and Yang, 1997; Bobet, 2001; Stephans-
son, 2002). Recently higher order elements have been used to increase the accuracy of the numerical results
(Crawford and Curran, 1982; Shou and Crouch, 1995).
In this paper the higher order displacement discontinuity method that was originally introduced for ﬁnite
and inﬁnite crack problems (Shou and Crouch, 1995) is extended to the half plane problems with traction
free surfaces (Crouch and Starﬁeld, 1983). The general series for the crack tip elements is discussed and the
required modiﬁcation for implementation of the higher order special crack tip elements are given in Appen-
dix A. The mixed mode stress intensity factors (i.e. for Mode I and Mode II fractures, which are the most
commonly fracture modes occur in rock fracture mechanics) are numerically computed. As most of rocks
are brittle and weak under tension the Mode I fracture toughness KIC (under plain strain condition) to-
gether with the maximum tangential stress fracture criterion (r-criterion) introduced by Erdogan and
Sih are used to predict the crack propagation direction (Erdogan and Sih, 1963). The three fundamental
fracture criteria, the maximum tangential stress criterion (or r-criterion), the maximum strain energy re-
lease rate criterion (or G-criterion) and the minimum strain energy density criterion (or S-criterion) or
any modiﬁed form of these three criteria (e.g. F-criterion which is a modiﬁed form of G-criterion) have been
mostly used to study the fracture behaviour of brittle materials (Ingraﬀea, 1983; Broek, 1989; Whittaker
et al., 1992; Shen and Stephansson, 1994). All of these criteria have demonstrated that a crack in a plate
under a general in-plane load does not initiate and propagate in its original plane, but rather crack initia-
tion take place at an angle with respect to it. The Mode II fracture toughness, KIIC predicted by r-criterion
and G-criterion are smaller than the Mode I fracture toughness, KIC, but it is generally larger than the
Mode I fracture toughness, KIC predicted by S-criterion depending on the material parameter of the Pois-
sons ratio m (because S-criterion depends on m). The mixed modes I–II fracture problems in compression
have been shown to be more complicated and also quite diﬀerent from those under tension. Various existing
fracture criteria have been applied to study the fracture problems in compression but the results are poorly
correlated to the existing experimental data (Whittaker et al., 1992). Although in brittle substances like
rocks Mode II fracture initiation and propagation plays an important role under certain loading conditions
and Mode I fracture toughness KIC is less than Mode II fracture toughness, KIIC, but due to the weakness
(low strength) of rock under tension, the rock breaks due to tensile and in most cases the condition of KIC
will prevail to that of KIIC under pure tensile, pure shear, tension-shear and compression-shear loading con-
ditions. Recently, a lot of work has been done on the application of Mode I, Mode II and mixed Mode
fracture theories for rock type materials (Ingraﬀea, 1981; Atkinson et al., 1982; Huang and Wang, 1985;
Zipf and Bieniawski, 1987; Ouchterlony, 1988; Swartz et al., 1988; Sun et al., 1990; Fowell, 1995; Pang,
Table 1
Mode I fracture toughness KIC and Mode II fracture toughness KIIC for some typical rocks (after Whittaker et al. (1992))
Rock type KIC (MPa m
1/2) KIIC (MPa m
1/2)
Basalt 2.27 1.878
Newhurst Granite 1.72 1.750
Welsh Limestone 0.85 0.960
Coarse-grained Sandstone 0.28 0.360
Fine-grained Sandstone 0.38 0.420
Dark gray Syenite 1.75 1.180
Grayish white Syenite 1.36 0.830
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Mode I fracture toughness KIC and Mode II fracture toughness KIIC for some typical rocks are given in
Table 1.
Most of the existing numerical tools are based on the continuum assumption and rock failure is pre-
dicted by means of plastic deformation. Some recent numerical codes simulate the eﬀect of existing frac-
tures explicitly, and some of them are designed to model the fracture initiation and propagation of
individual cracks. The recent fracture codes like FRACOD have been used (based on some useful mixed
fracture criteria like F-criterion) to model the fracture propagation mechanism in brittle materials like rock
(Shen and Stephansson, 1994). In the present work a general higher order displacement discontinuity meth-
od implementing two crack tip elements for each crack end is used and based on the linear elastic fracture
mechanics principles the mixed mode r-criterion (Erdogan and Sih, 1963) is implemented in this numerical
model to handle the fracture initiation and propagation mechanism in rock type material considering the
ﬁnite, inﬁnite, and semi-inﬁnite bodies. The emphasises is made on the uses of two special crack tip elements
which increase the accuracy of the computed Mode I and Mode II stress intensity factors near the crack
ends. Two equal crack tip elements have been used for each crack tip and the results seem to be more accu-
rate than using only one crack tip element (which has been used in most of the existing numerical codes).
The formulation given in Appendix A are in a concised form for both inﬁnite and semi-inﬁnite plane
problems.
The displacement discontinuity solution based on one and two special crack tip elements are thoroughly
explained and the required formulations are derived and given in the text and the crack propagation anal-
ysis is accomplished by using the r-criterion. This criterion compares the computed Mode I and Mode II
stress intensity factors KI and KII with their corresponding material properties i.e. Mode I and Mode II
fracture toughnesses KIC and KIIC (Guo et al., 1992; Scavia, 1992). It should be noted that any fracture
criterion can be implemented in the proposed method to study the fracture behaviour of brittle materials.
A 45 circular arc crack under biaxial tension has been solved to show the validity of the results obtained by
using the higher order displacement discontinuity program TDQCR2 in which uses two special crack tip
elements at each crack end. Comparing the numerical and analytical values (i.e. the values of strain energy
release rate, G) calculated for this problem proves the validity and accuracy of the numerical results for
curved crack problems too.2. Higher order displacement discontinuity method
A displacement discontinuity element of length 2a along the x-axis is shown in Fig. 1(a), which is char-
acterized by a general displacement discontinuity distribution u(e). By taking the ux and uy components
of the general displacement discontinuity u(e) to be constant and equal to Dx and Dy respectively, in the
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Fig. 1. (a) Displacement discontinuity element and the distribution of u(e); (b) constant element displacement discontinuity.
1672 M.F. Marji et al. / International Journal of Solids and Structures 43 (2006) 1669–1692interval (a + a) as shown in Fig. 1(b), two displacement discontinuity element surfaces can be distin-
guished, one on the positive side of y(y = 0+) and another one on the negative side (y = 0).
The displacement undergoes a constant change in value when passing from one side of the displacement
discontinuity element to the other side. Therefore the constant element displacement discontinuities Dx and
Dy can be written asDx ¼ uxðx; 0Þ  uxðx; 0þÞ; Dy ¼ uyðx; 0Þ  uyðx; 0þÞ ð1Þ
The positive sign convention of Dx and Dy is shown in Fig. 1(b) and demonstrates that when the two
surfaces of the displacement discontinuity overlap Dy is positive, which leads to a physically impossible sit-
uation. This conceptual diﬃculty is overcome by considering that the element has a ﬁnite thickness, in its
undeformed state which is small compared to its length, but bigger than Dy (Crouch, 1976; Crouch and
Starﬁeld, 1983).
2.1. Quadratic element formulation
The quadratic element displacement discontinuity is based on analytical integration of quadratic collo-
cation shape functions over collinear, straight-line displacement discontinuity elements (Shou and Crouch,
1995). Fig. 2 shows the quadratic displacement discontinuity distribution, which can be written in a general
form asDiðeÞ ¼ N 1ðeÞD1i þ N 2ðeÞD2i þ N 3ðeÞD3i ; i ¼ x; y ð2Þ
where, D1i ; D
2
i , and D
3
i are the quadratic nodal displacement discontinuities, andN 1ðeÞ ¼ eðe 2a1Þ=8a21; N 2ðeÞ ¼ ðe2  4a21Þ=4a21; N 3ðeÞ ¼ eðeþ 2a1Þ=8a21 ð3Þ
are the quadratic collocation shape functions using a1 = a2 = a3. A quadratic element has three nodes,
which are at the centers of its three sub-elements (see Fig. 2).
The displacements and stresses for a line crack in an inﬁnite body along the x-axis, in terms of single
harmonic functions g(x,y) and f(x,y), are given by Crouch and Starﬁeld (1983) asεElement 
1
y
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Fig. 2. Quadratic collocations for the higher order displacement discontinuity elements.
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uy ¼ ½ð1 2mÞf;x  yf ;xy  þ ½2ð1 mÞg;y  yg.yy 
ð4Þand the stresses arerxx ¼ 2l½2f ;xy þ yf ;xyy  þ 2l½g;yy þ yg;yyy 
ryy ¼ 2l½yf ;xyy  þ 2l½g;yy  yg;yyy 
rxy ¼ 2l½2f ;yy þ yf ;yyy  þ 2l½yg;xyy 
ð5Þl is shear modulus and f,x, g,x, f,y, g,y, etc. are the partial derivatives of the single harmonic functions f(x,y)
and g(x,y) with respect to x and y. These potential functions (for a quadratic variation of displacement dis-
continuity along the element) can be ﬁnd fromf ðx; yÞ ¼ 1
4pð1 mÞ
X3
j¼1
DjxF jðI0; I1; I2Þ; gðx; yÞ ¼
1
4pð1 mÞ
X3
j¼1
DjyF jðI0; I1; I2Þ ð6Þthe common function Fj, is deﬁned asF jðI0; I1; I2Þ ¼
Z
NjðeÞ ln½ðx eÞ þ y2
1
2 de; j ¼ 1–3 ð7Þthe integrals I0, and I1 and I2 are expressed asI0ðx; yÞ ¼
Z a
a
ln½ðx eÞ2 þ y212 de ¼ yðh1  h2Þ  ðx aÞ lnðr1Þ þ ðxþ aÞ lnðr2Þ  2a ð8:aÞ
I1ðx; yÞ ¼
Z a
a
e ln½ðx eÞ2 þ y212 de ¼ xyðh1  h2Þ þ 0.5ðy2  x2 þ a2Þ ln r1r2  ax ð8:bÞ
I2ðx; yÞ ¼
Z a
a
e2 ln½ðx eÞ2 þ y212 de ¼ y
3
ð3x2  y2Þðh1  h2Þ þ 1
3
ð3xy2  x3 þ a3Þ lnðr1Þ
 1
3
ð3xy2  x3  a3Þ lnðr2Þ  2a
3
x2  y2 þ a
2
3
 
ð8:cÞwhere, the terms h1, h2, r1 and r2 are deﬁned ash1 ¼ arctan yx a
 
; h2 ¼ arctan yxþ a
 
;
r1 ¼ ½ðx aÞ2 þ y2
1
2 and r2 ¼ ½ðxþ aÞ2 þ y2
1
2
ð9Þ2.2. Higher order displacement discontinuity in a half-plane
Half-plane problems in solid mechanics can also be solved by inﬁnite boundary element methods ex-
plained before, however, a more accurate and economic way for solving semi-inﬁnite problems with a trac-
tion free surface, using the method of images, is originally introduced by Crouch and Starﬁeld (1983) for
the constant element displacement discontinuity method. They used the analytical solution to a constant
element displacement discontinuity, over the line segment jxj 6 a, y = 0 in the semi-inﬁnite region y 6 0
as shown in Fig. 3. The displacements and stresses due to the actual displacement discontinuity are denoted
xy
0== yxxt σ
y
x
β
xDy
D
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Fig. 3. Actual and image displacement discontinuities in half-plane y 6 0, with a traction-free surface (Crouch and Starﬁeld, 1983).
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A
ij , those due to its image by u
I
i and r
I
ij, and those resulting from the supplementary solution by
uSi and r
S
ij. The complete solution for the semi-inﬁnite plane y 6 0 can be written asui ¼ uAi þ uIi þ uSi and rij ¼ rAij þ rIij þ rSij ð10ÞBased on these formulas and using quadratic element formulations explained in the previous section, a two
dimensional semi-inﬁnite displacement discontinuity computer program can be developed for the analysis
of rock fracture mechanics problems, in which uses two special crack tip elements explained in the next sec-
tion of this paper.3. Higher order crack tip element formulation and stress intensity factor computation
The displacement discontinuity method permits the crack surfaces to be discretized and computes the
crack opening displacement (normal displacement discontinuity), and crack sliding displacement (shear dis-
placement discontinuity) directly as a part of the solution for each element. Due to the singularity varia-
tions 1/
p
r, and
p
r for the stresses and displacements near the crack ends, the accuracy of the
displacement discontinuity method at the vicinity of the crack tip decreases, and usually a special treatment
of the crack at the tip is necessary to increase the accuracy and make the method more eﬃcient. In this
study the hybrid elements are implemented in a general higher order displacement discontinuity method
(i.e. the quadratic displacement discontinuity elements and two special crack tip elements for each crack
end). Using a special crack tip element of length 2a, as shown in Fig. 4, the displacement discontinuity vari-
ations along this element are given asDyðeÞ ¼ DyðaÞ ea
 1
2
and DxðeÞ ¼ DxðaÞ ea
 1
2 ð11Þwhere e is the distance from the crack tip and Dy(a) and Dx(a) are the opening and sliding displacement
discontinuities at the center of the special crack tip element.
AB
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Fig. 4. Displacement correlation technique for the special crack tip element.
M.F. Marji et al. / International Journal of Solids and Structures 43 (2006) 1669–1692 1675The potential functions fC(x,y) and gC(x,y) for the crack tip element can be expressed asfCðx; yÞ ¼ 1
4pð1 mÞ
Z a
¼a
DxðaÞ
a
1
2
e
1
2 ln½ðx eÞ2 þ y212 de
gCðx; yÞ ¼
1
4pð1 mÞ
Z a
¼a
DyðaÞ
a
1
2
e
1
2 ln½ðx eÞ2 þ y212 de
ð12ÞThese equations have a common integral of the following form:IC ¼
Z a
a
e
1
2 ln½ðx eÞ2 þ y212 de ð13ÞFor the higher order crack tip elements the following series can be used (Crouch and Starﬁeld, 1983):DiðeÞ ¼ C1e12 þ C2e32 þ C3e52 þ    ð14Þ
In order to use two crack tip elements the ﬁrst two terms of Eq. (14) should be considered, which can be
arranged in the following form:DiðeÞ ¼ ½NC1ðeÞD1i ðaÞ þ ½NC2ðeÞD2i ðaÞ ð15Þ
The crack tip element has a length a = a2 + a1, and the shape functions NC1(e) and NC2(e) can be obtained
asNC1ðeÞ ¼
a2e
1
2  e32
 
a
1
2
1ða2  a1Þ
and NC2ðeÞ ¼ 
a1e
1
2  e32
 
a
1
2
2ða2  a1Þ
ð16ÞThe potential functions fC(x,y) and gC(x,y) for the crack tip can be expressed asfCðx; yÞ ¼ 1
4pð1 mÞ
Z a
a
DxðeÞ ln½ðx eÞ2 þ y2
1
2 de ð17:aÞ
gCðx; yÞ ¼
1
4pð1 mÞ
Z a
a
DyðeÞe12 ln½ðx eÞ2 þ y2
1
2 de ð17:bÞ
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4pð1 mÞ
Z a
a
N 1ðeÞ ln½ðx eÞ2 þ y2
1
2 de
 
D1x þ
Z a
a
N 2ðeÞ ln½ðx eÞ2 þ y2
1
2 de
 
D2x
 
ð18:aÞ
fCðx; yÞ ¼ ðIC1ðx; yÞD1x þ IC2ðx; yÞD2xÞ 
1
4pð1 vÞ
 
ð18:bÞ
fCðx; yÞ ¼  1
4pð1 vÞ
X2
j¼1
DjxF CjðIC1; IC2Þ ð18:cÞand similarlygCðx; yÞ ¼ 
1
4pð1 vÞ
X2
j¼1
DjyF CjðIC1; IC2Þ ð19Þin whichF CjðIC1; IC2Þ ¼
Z a
a
NCjðeÞ ln½ðx eÞ2 þ y2
1
2 de; j ¼ 1; 2 ð20ÞFrom Eq. (20) the following integrals are obtained:IC1ðx; yÞ ¼
Z a
a
a2e
1
2  e32
a
1
2
1ða2  a1Þ
ln½ðx eÞ2 þ y212 de; IC2ðx; yÞ
¼ 
Z a
a
a1e
1
2  e32
a
1
2
2ða2  a1Þ
ln½ðx eÞ2 þ y212 de ð21ÞThese integrals can be arranged asIC1ðx; yÞ ¼ a2dC1 IC
1  1
dC1
IC
2
and IC2ðx; yÞ ¼ a1dC2 IC
1 þ 1
dC2
IC
2 ð22Þwhere dC1 ¼ a
1
2
1ða2  a1Þ; dC2 ¼ a
1
2
2ða2  a1Þ; I
1
C ¼
R a
a e
1
2 ln½ðx eÞ2 þ y212 de, andI
2
C ¼
Z a
a
e
3
2 ln½ðx eÞ2 þ y212 de ð23ÞThe derivations of integrals I
1
C and I
2
C which are used in the solution of the displacement discontinuities
near the crack tip for both inﬁnite and semi-inﬁnite plane problems are given in Appendix A.
Several mixed mode fracture criteria has been used in literature to investigate the crack initiation direc-
tion and its path (Whittaker et al., 1992; Shen and Stephansson, 1994; Rao et al., 2003). The maximum
tangential stress criterion (or r-criterion), is the used here to investigate the crack initiation and propaga-
tion direction. This is a widely used mixed mode fracture criterion which is well ﬁtted with the experimental
results (Ingraﬀea, 1983; Guo et al., 1990; Scavia, 1992; Whittaker et al., 1992).
Based on LEFM theory, the Mode I and Mode II stress intensity factors KI and KII can be written in
terms of the normal and shear displacement discontinuities as (Shou and Crouch, 1995):KI ¼ l
4ð1 mÞ
2p
a
 1
2
DyðaÞ and KII ¼ l
4ð1 mÞ
2p
a
 1
2
DxðaÞ ð24Þ
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Veriﬁcation of this method is made through the solution of several example problems i.e. a pressurized
crack in an inﬁnite body, a circular arc crack under biaxial tension and circular holes with emanating cracks
in inﬁnite and semi-inﬁnite bodies. These simple examples are used here because they have simple analytical
solutions and have also been solved numerically by other researches, so that the computed numerical results
in this paper can be compared and the validity of the proposed computer programs can be proved.
4.1. A pressurized crack in an inﬁnite plane
Because of its simple solution, the problem of a pressurized crack have been used for the veriﬁcation of
the numerical methods developed here. The analytical solution of this problem has been derived and ex-
plained by Sneddon (1951). Based on Fig. 5, the analytical solution for the normal displacement disconti-
nuity Dy along the crack boundary, and the normal stress ry near the crack tip (jxj > b), can be written asDy ¼  2ð1 mÞPl ðb
2  x2Þ12; jxj > b and ry ¼ Pxðx2  b2Þ12
 P ; jxj < b ð25Þm is the Poissons ratio of the body. Consider a pressurized crack of a half length b = 1 meter (m), under a
normal pressure P = 10 MPa, with a modulus of elasticity E = 2.2 GPa, and a Poissons ratio m = 0.1
(Fig. 5).
The normalized displacement discontinuity distribution Dy/b · 103 along the surface of the pressurized
crack are given in Table 2 using the constant (ordinary) displacement discontinuity program TWODD with
diﬀerent crack tip elements (Crouch and Starﬁeld, 1983). As shown in this table by using only one special
crack tip element, the percent error of displacement discontinuity Dy at a distance x = 0.05b from the crack
tip, reduces from 26.12 to 8.59, and by using two special crack tip elements it reduces to 5.07.
The same problem is solved by the higher order displacement discontinuity method (i.e. TWODQ pro-
gram) using only 20 quadratic elements (60 nodes). The percentage error of displacement discontinuity Dy
at a distance x = 0.05b from the crack tip will be about 5.82% (with out using any special crack tip element)
in which the results obtained by TWODD program with the same number of nodes (60 constant elements)
gives an error of about 24.17%. Therefore using this higher order program for calculating the normalizedy
P
x
2b
P
Fig. 5. A pressurized crack in an inﬁnite body.
Table 2
Displacement discontinuity Dy(a) at the center x = a of an element at the crack tip using ordinary elements, one special crack tip
element and two special crack tip elements
Number of
elements
Distance
from crack tip
(Dy(a)/b) · 103
Analytical
solution
Ordinary
elements
One special
crack tip element
Two special
crack tip elements
4 0.25 1.1906 1.5463 1.3275 1.2150
10 0.1 0.7846 0.9964 0.8569 0.8202
20 0.05 0.5621 0.7089 0.6104 0.5906
40 0.025 0.4000 0.5029 0.4332 0.4212
1678 M.F. Marji et al. / International Journal of Solids and Structures 43 (2006) 1669–1692displacement discontinuity distribution Dy/b · 103 along the surface of the pressurized crack, gives more
accurate results (see Table 3).
The normalized normal stress (ry/P) near the crack tip and along the x-axis of the pressurized crack is
presented in Table 4. The over all results show that the program using quadratic elements (i.e. TWODQ)
gives more accurate results compared to the program using constant elements (i.e. TWODD).
4.2. Curved cracks
Curved and kink cracks may occur in cracked bodies (Shou and Crouch, 1995). The proposed method is
applied to the problem of a 45 circular arc crack under far ﬁeld biaxial tension (Fig. 6). The program
TDQCR2 (using quadratic displacement discontinuity elements with two special crack tip elements at each
crack end) and the program TDQCR1 (using quadratic displacement discontinuity elements with only one
special crack tip element at each crack end) have been developed for the analysis of the crack problems.
Analytical values of the Mode I and Mode II stress intensity factors, KI and KII, and strain energy release
rate, G for a general circular arc crack under biaxial tension given by Cotterell and Rice (1980) asTable
Comp
(const
x/b
Distan
0.0
0.086
0.171
0.257
0.343
0.429
0.514
0.600
0.686
0.771
0.857
0.950KI ¼ r cos a
4
pr sin a
2
1þ sin2 a
4
" #1
2
; KII ¼ r sin a
4
pr sin a
2
1þ sin2 a
4
" #1
2
and G ¼ 1 m
2
E
ðK2I þ K2IIÞ ð26Þ3
arison of variation of the displacement discontinuity Dy/b · 103 along the surface of a pressurized crack using ordinary
ant) elements and higher order elements displacement discontinuity methods without using any special crack tip element
Dy/b · 1000
ce from crack tip Const. Elems. (TWODD) Analytical results Quad. Elems. (TWODQ)
4.046 3.980 3.980
4.032 3.946 3.966
3.989 3.901 3.922
3.916 3.827 3.848
3.812 3.720 3.741
3.673 3.578 3.599
3.497 3.396 3.419
3.276 3.168 3.193
3.000 2.882 2.909
2.654 2.520 2.556
2.203 2.040 2.094
1.536 1.237 1.309
Table 4
Variation of the normalized normal stress, ry/P near the crack tip and along the x-axis of the pressurized crack problem
(x  b)/b ry/P
TWODD ANALYTIC Higher order elements
0.04 3.022 2.641 2.845
0.08 1.783 1.648 1.719
0.12 1.294 1.221 1.259
0.16 1.021 0.973 0.998
0.20 0.844 0.809 0.826
0.24 0.718 0.691 0.704
0.28 0.623 0.602 0.612
0.32 0.549 0.532 0.541
0.36 0.490 0.475 0.483
0.40 0.441 0.429 0.435
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Fig. 6. Circular arc crack under uniform biaxial tension (Shou and Crouch, 1995).
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The modulus of elasticity and Poissons ratio of the material are taken as E = 10 GPa and m = 0.2. The ana-
lytical values of the problem are obtained from Eq. (26) as G = 11.47 · 103 and based on the r-criterion,
the crack propagation angle, h0 = 20.90 (degrees) (Whittaker et al., 1992). The numerical solution of this
problem have been obtained by using two higher order displacement discontinuity programs TDQCR1
(using one special crack tip element at each crack end), and TDQCR2 (using two special crack tip elements
at each crack end). The numerical values for G and h0 are given in Tables 5 and 6; and Figs. 7 and 8, con-
sidering the two cases: (i) using a small crack tip element length L equal to 0.5 (i.e L/b = 0.011) and dif-
ferent number of nodes along the crack and (ii) using 60 nodes along the crack and diﬀerent crack tip
element length ratios (i.e. diﬀerent L/b ratios). Comparing the numerical results of these two cases with
the analytical results show that the results obtained by the program TDQCR2 are somewhat superior to
those obtained by the program TDQCR1 specially when using relatively smaller number of nodes along
the crack. The eﬀect of L/b ratio on the results given by the program TDQCR2 is also negligible. Although
the results obtained by both programs are in good agreement with the analytical results but in most cases
the results obtained by the program TDQCR2 are preferred and can be used for the analysis of crack prob-
lems in rock fracture mechanics.
Table 5
The numerical values of the strain release rate, G for a circular arc crack (a = 45), using diﬀerent number of nodes along the crack with
a 0.5 crack tip
Number of nodes The strain energy release rate G · 103 Crack initiation angle h0 (degrees)
TDQCR2 TDQCR1 TDQCR2 TDQCR1
6 18.92 23.82 23.13 22.58
12 13.99 16.44 21.57 21.57
18 12.55 14.25 21.17 21.26
24 11.94 13.24 21.01 21.12
30 11.61 12.68 20.93 21.05
36 11.43 12.34 20.90 20.99
42 11.32 12.11 20.88 20.96
48 11.27 11.94 20.86 20.93
54 11.21 11.82 20.85 20.92
60 11.20 11.73 20.85 20.91
Table 6
The numerical values of the strain release rate, G for a circular arc crack (a = 45), using diﬀerent L/b ratios and 60 nodes along the
crack
L/b ratio The strain energy release rate G · 103
TDQCR2 TDQCR1
0.005 13.47 15.53
0.010 11.75 12.92
0.015 11.34 12.18
0.020 11.20 11.85
0.025 11.15 11.68
0.030 11.13 11.58
0.035 11.13 11.51
0.040 11.14 11.47
The strain energy release rate G for a 45 degree circular arc crack
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Fig. 7. The strain energy release rate, G for a circular arc crack (a = 45).
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The strain energy release rate G for a 45 degrees 
circular arc crack using different L/b ratios 
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Fig. 8. The strain energy release rate, G for a circular arc crack (a = 45).
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In order to show the beneﬁt of both higher order elements and special crack tip elements explained above
the example problem shown in Fig. 9 is solved numerically by the higher order displacement discontinuity
method using quadratic displacement discontinuity elements for crack analysis (i.e. the programs TDQCR1
and TDQCR2). The following assumptions are made to solve this problem numerically: the far ﬁeld stress
r = 10 MPa, the hole radius R = 1 m, modulus of elasticity E = 10 GPa, Poissons ratio t = 0.2, and Mode
I fracture toughness KIC = 2 MPa m
1/2 (for a typical hard rock under plane strain condition).
The analytical value of the normalized stress intensity factor KI=ðr
ﬃﬃﬃﬃﬃ
pb
p Þ obtained from the solutions
given by Sih (1973) is about 1.96, for b/R = 0.4. The numerical result of the normalized stress intensity
factor KI=ðr
ﬃﬃﬃﬃﬃ
pb
p Þ, for b/R = 0.4 using 90 nodes along the hole and 49 nodes along each crack, for diﬀerent
L/b ratios (i.e. the ratio of crack tip element length L to the crack length b) are shown graphically in Fig. 10.b
R
b
y σx=σ
x
Fig. 9. A circular hole with two emanating cracks of length b under far ﬁeld uniform tension.
The stress intensity factor for the problem of the circular hole 
with two cracks, for b/R= 0.4
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Fig. 10. The normalized stress intensity factor KI=ðr
ﬃﬃﬃﬃﬃ
pb
p Þ, for b/R = 0.4 and diﬀerent l/b ratios.
1682 M.F. Marji et al. / International Journal of Solids and Structures 43 (2006) 1669–1692The numerical results show that with L/b ratios between 0.1 and 0.2, the numerical results are accurate (in
most cases the error is less than about 0.5%).
4.4. Crack problems in semi-inﬁnite plane
The problem shown in Fig. 11 has been solved with the semi-inﬁnite displacement discontinuity method
using quadratic elements and special crack tip elements at each crack tip , considering the two limiting cases
of pressurized circular holes having four cracks with (i) no pressure penetration (empty cracks), and (ii) full
pressure penetration (fully pressurized cracks). The results of the normalized Mode I and Mode II stressb
y
x
C
b
p
R
Fig. 11. A pressurized circular hole with four radial cracks at depth C in a semi-inﬁnite body.
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ﬃﬃﬃﬃﬃﬃﬃﬃ
pqR
p Þ, and KII=ðp
ﬃﬃﬃﬃﬃﬃﬃﬃ
pqR
p Þ, and the crack propagation angle h0, for these two extreme
cases (i.e. empty cracks and fully pressurized cracks) against diﬀerent normalized depths from the free sur-
face of the half plane (C/R ratio), have been calculated numerically and given in Tables 7 and 8, respec-
tively. All the results are numerically calculated by using 20 quadratic elements along the hole and 10
quadratic elements along each crack, with a constant value of q ¼ bþRR ¼ 2.5, R = 1 m, and p = r = 10 MPa.
The analytical values of the normalized Mode I and Mode II stress intensity factors KI=ðp
ﬃﬃﬃﬃﬃﬃﬃﬃ
pqR
p Þ and
KII=ðp
ﬃﬃﬃﬃﬃﬃﬃﬃ
pqR
p Þ and the crack initiation angle h0, for the problem of a pressurized circular hole with four sym-
metric radial cracks in a an inﬁnite plane are given by Ouchterlony (1983) as: KI=ðp
ﬃﬃﬃﬃﬃﬃﬃﬃ
pqR
p Þ ¼ 0.1966,
KII=ðp
ﬃﬃﬃﬃﬃﬃﬃﬃ
pqR
p Þ ¼ 0.0, and h0 = 0.0 for the empty cracks; and KI=ðp
ﬃﬃﬃﬃﬃﬃﬃﬃ
pqR
p Þ ¼ 0.9085, KII=ðp
ﬃﬃﬃﬃﬃﬃﬃﬃ
pqR
p Þ ¼ 0.0,
and h0 = 0.0 for the fully pressurized cracks, respectively.Table 7
The normalized stress intensity factors KI=ðp
ﬃﬃﬃﬃﬃﬃﬃﬃ
pqR
p Þ, and KII=ðp
ﬃﬃﬃﬃﬃﬃﬃﬃ
pqR
p Þ, and the crack propagation angle h0, for a pressurized hole with
four empty radial cracks at diﬀerent depths (C/R ratios)
C/R ratios KI=ðp
ﬃﬃﬃﬃﬃﬃﬃﬃ
pqR
p Þ KII=ðp
ﬃﬃﬃﬃﬃﬃﬃﬃ
pqR
p Þ h0 (degrees)
Up. crack Lo. crack Up. crack Lo. crack Up. crack Lo. crack
2.0 0.8473 0.4247 0.1056 0.0008 13.8 0.2
2.25 0.7068 0.3668 0.0644 0.0196 10.2 6.1
2.5 0.6053 0.3354 0.0633 0.0250 11.7 8.4
2.75 0.5196 0.3141 0.0593 0.0270 12.7 10.0
3.0 0.4527 0.2977 0.0533 0.0290 13.1 10.1
3.25 0.3959 0.2792 0.0462 0.0256 13.0 10.3
3.5 0.3592 0.2703 0.0418 0.0254 12.9 10.6
3.75 0.3245 0.2628 0.0326 0.0250 11.3 10.7
4.0 0.3086 0.2570 0.0267 0.0240 10.4 10.5
4.25 0.2808 0.2510 0.0227 0.0230 9.1 10.3
4.5 0.2686 0.2478 0.0176 0.0208 7.4 9.5
4.75 0.2565 0.2441 0.0128 0.0199 5.7 9.2
5.0 0.2477 0.2410 0.0106 0.0187 4.9 8.8
Table 8
The normalized stress intensity factors KI=ðp
ﬃﬃﬃﬃﬃﬃﬃﬃ
pqR
p Þ, and KII=ðp
ﬃﬃﬃﬃﬃﬃﬃﬃ
pqR
p Þ and the crack propagation angle h0, for a pressurized hole under
the uniform inside pressure p, with four fully pressurized radial cracks at diﬀerent depths (C/R ratios)
C/R ratios KI=ðp
ﬃﬃﬃﬃﬃﬃﬃﬃ
pqR
p Þ KII=ðp
ﬃﬃﬃﬃﬃﬃﬃﬃ
pqR
p Þ h0 (degrees)
Up. crack Lo. crack Up. crack Lo. crack Up. crack Lo. crack
2.0 2.2036 1.3534 0.1954 0.0194 10.0 1.6
2.25 1.8940 1.2366 0.1230 0.0307 7.4 2.8
2.5 1.6993 1.1766 0.1285 0.0465 8.6 4.5
2.75 1.5298 1.1352 0.1229 0.0565 9.1 5.7
3.0 1.3937 1.1022 0.1109 0.0626 9.0 6.5
3.25 1.2690 1.0578 0.0949 0.0552 8.5 5.9
3.5 1.1927 1.0392 0.0862 0.0573 8.2 6.3
3.75 1.1116 1.0230 0.0609 0.0587 6.2 6.5
4.0 1.0344 1.0085 0.0470 0.0580 5.5 6.5
4.25 1.0114 0.9960 0.0362 0.0573 4.1 6.5
4.5 0.9863 0.9903 0.0223 0.0523 2.5 6.0
4.75 0.9582 0.9816 0.0091 0.0510 1.1 5.9
5.0 0.9390 0.9745 0.0044 0.0487 0.5 5.7
1684 M.F. Marji et al. / International Journal of Solids and Structures 43 (2006) 1669–1692Figs. 12 and 13 are based on the normalized stress intensity factors given in the Tables 7 and 8,
which compare the diﬀerent results obtained for the upper cracks (the cracks near to the free surface of
the half plane), and the lower cracks, with the available analytical results of the circular pressurized hole
in an inﬁnite plane (Ouchterlony, 1983). The numerical results show that as the depth of the circular pres-
surized hole (C/R ratio) increases the mixed mode stress intensity factors KI and KII, and the crack prop-
agation angle h0 tend to their corresponding analytical values of the circular pressurized hole in an inﬁnite
plane.Effect of depth on the mixed mode stress intensity factors,
 for the 4 empty radial crack problem 
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Fig. 12. The normalized stress intensity factors KI=ðp
ﬃﬃﬃﬃﬃﬃﬃﬃ
pqR
p Þ and KII=ðp
ﬃﬃﬃﬃﬃﬃﬃﬃ
pqR
p Þ, for diﬀerent C/R ratios, for a pressurized hole with
four empty radial cracks in a semi-inﬁnite rock mass.
Effect of depth on the mixed mode stress intensity factors,
for the fully pressurized 4 radial cracks problem 
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Fig. 13. The normalized stress intensity factors KI=ðp
ﬃﬃﬃﬃﬃﬃﬃﬃ
pqR
p Þ and KII=ðp
ﬃﬃﬃﬃﬃﬃﬃﬃ
pqR
p Þ, for fully pressurized radial cracks emanating from
a pressurized hole at diﬀerent depths, in a semi-inﬁnite rock mass.
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The eﬀect of using one and two special crack tip elements and also the eﬀect of using higher order dis-
placement discontinuity in two dimensional inﬁnite and semi-inﬁnite crack problems have been investi-
gated. The complete and proper solutions and formulations are explained and given in the text and
Appendix A. This method is modiﬁed to include, the ﬁnite, inﬁnite, and semi-inﬁnite problems using higher
order (quadratic) displacement discontinuity elements. Several simple and mostly used example problems
are selected and explained to verify the proposed modiﬁcations and improvements in the higher order dis-
placement discontinuity method. At the end a somewhat more complicated and useful semi-inﬁnite crack
problem is solved and the numerical results are compared with the analytical values of the same problem in
an inﬁnite plane. It has been shown that as the depth of pressurized hole increases the problem changes to
that of the inﬁnite plane case. Therefore, it is concluded that the numerical results obtained by using the
modiﬁed semi-inﬁnite program gives very accurate results. This method is also modiﬁed for crack initiation
and propagation analysis. Although any mixed mode fracture criterion can be implemented to this numer-
ical code, but in this work, based on the linear elastic fracture mechanics (LEFM) principles, the maximum
tangential stress criterion or r-criterion is employed to investigate the crack initiation and propagation
direction.Appendix A. The integrals and their derivatives used for one and two special crack tip elements for both inﬁnite
and semi-inﬁnite plane problems
A.1. The integral and its derivatives for one special crack tip element
Z a
Ic ¼
a
e
1
2 ln½ðx eÞ2 þ y212 de
Ic;x ¼
Z a
a
e
1
2ðx eÞ
½ðx eÞ2 þ y2 de ¼ xA1  A2
Ic;y ¼
Z a
a
e
1
2y
½ðx eÞ2 þ y2 de ¼ yA1
Ic;xy ¼ yA1;x
Ic;xx ¼ A1  yA1;y ¼ Ic;yy
Ic;xyy ¼ A1;x þ yA1;xy
Ic;yyy ¼ 2A1;y þ yA1;yyThe following formulae (derivatives) are also required for treatment of the traction free half-plane
problems:Ic;xyyy ¼ 2A1;xy þ yA1;xyy
Ic;yyyy ¼ 3A1;yy þ yA1;yyy
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Z a
a
e
1
2
½ðx eÞ2 þ y2 de
¼ q1
0.5 cosu x
y
 
sinu
 
ln
2a 2 ﬃﬃﬃﬃﬃ2ap q cosuþ q2
2aþ 2 ﬃﬃﬃﬃﬃ2ap q cosuþ q2 þ sinuþ xy
 
cosu
 
 arctan 2
ﬃﬃﬃﬃﬃ
2a
p
q sinu
q2  2a
 !
2
6664
3
7775
A2 ¼
Z a
a
e
3
2
½ðx eÞ2 þ y2 de
¼ q
0.5 cosuþ x
y
 
sinu
 
ln
2a 2 ﬃﬃﬃﬃﬃ2ap q cosuþ q2
2aþ 2 ﬃﬃﬃﬃﬃ2ap q cosuþ q2 þ sinuþ xy
 
cosu
 
 arctan 2
ﬃﬃﬃﬃﬃ
2a
p
q sinu
q2  2a
 !
2
6664
3
7775whereq ¼ ðx2 þ y2Þ14 and u ¼ 0.5 arctan y
x
 
and the derivatives of A1 areA1.x ¼ q1A1x1 x
2q4
A1
A1.y ¼ q1A1y1 y
2q4
A1
A1.xy ¼ q1A1x2 y
2q5
A1x1þ xy
q8
A1  x
2q4
A1;y
A1.yy ¼ q1A1y2 y
2q5
A1y1 x
2  y2
2q8
A1  y
2q4
A1;y
A1.xyy ¼ q1A1x3 yq5 A1x2
2x2  3y2
2q9
A1x1þ x
2  3y2
q12
A1  2xyq8 A1;y 
x
2q4
A1;yy
A1.yyy ¼ q1A1y3 yq5 A1y2
2x2  3y2
2q9
A1y1þ yð3x
2  y2Þ
q12
A1  x
2  y2
q8
A1;y  y
2q4
A1;yywhereA1x1 ¼ CN1 FLX þ FL CN1X þ CN2 TX þ TC  CN2X
A1y1 ¼ CN1 FLY þ FL CN1Y þ CN2 TY þ TC  CN2Y
A1x2 ¼ CN1 FLXY þ FLX  CN1Y þ FL CN1XY þ FLY  CN1X þ CN2 TXY
þ TX  CN2Y þ TY  CN2X þ TC  CN2XY
A1y2 ¼ CN1 FLYY þ 2 FLY  CN1Y þ FL CN1YY þ 2 TY  CN2Y þ CN2
 TYY þ TC  CN2YY
A1x3 ¼ CN1 FLXYY þ 2 FLXY  CN1Y þ FLX  CN1YY þ 2 FLY  CN1XY
þ FL CN1XYY þ FLYY  CN1X þ 2 CN2Y  TXY þ CN2 TXYY þ TX
 CN2YY þ 2 CN2XY  TY þ TYY  CN2X þ TC  CN2XYY
A1y3 ¼ 3 CN1Y  FLYY þ CN1 FLYYY þ 3 FLY  CN1YY þ FL CN1YYY
þ 3 CN2Y  TYY þ 3 TY  CN2YY þ CN2 TYYY þ TC  CN2YYY
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given, respectively, in the following formulae.
(i) The terms CN1, CN2, CN1X, CN2X, etc. are deﬁned asCN1 ¼ 0.5 cosu x
y
 
sinu
 
CN2 ¼ sinuþ x
y
 
cosu
CN1X ¼ ðCN1Þ;X ¼ 0.5ðCP2 ðSNP þ x SP2Þ=yÞ
CN1Y ¼ ðCN1Þ;y ¼ 0.5ðCP3 x SP3=y þ x SNP=y2Þ
CN1XY ¼ ðCN1Þ;xy ¼ 0.5ðCP4 ðy  SP3 SNP  x SP2Þ=y2  x SP4=yÞ; etc:; and
CN2X ¼ ðCN2Þ;X ¼ SP2þ ðCSP þ x CP2Þ=y
CN2Y ¼ ðCN1Þ;y ¼ SP3 x ðCSP  y  CP3Þ=y2
CN2XY ¼ ðCN2Þ;xy ¼ SP4 ðCSP þ CP2Þ=y2 þ ðCP3þ x CP4Þ=y; etc.;whereSNP ¼ sinu ¼ sin 0.5 arctan y
x
 h i
CSP ¼ cosu ¼ cos 0.5 arctan y
x
 h i
CP2 ¼ ðcosuÞ;x ¼ y  SNP=ð2q4Þ
CP3 ¼ ðcosuÞ;y ¼ x SNP=ð2q4Þ
CP4 ¼ ðcosuÞ;xy ¼ ð2ðx2  y2Þ  SNP þ xy  CSP Þ=ð4q8Þ; etc.;
andSP2 ¼ ðsinuÞ;x ¼ y  CSP=ð2q4Þ
SP3 ¼ ðsinuÞ;y ¼ x CSP=ð2q4Þ
SP4 ¼ ðsinuÞ;xy ¼ ð2ðy2  x2Þ  CSP þ xy  SNP Þ=ð4q8Þ; etc.(ii) The terms FL, FLX, FLY, etc. are deﬁned asFL ¼ lnðDL1=DL2Þ
FLX ¼ FL1X  FL2X
FLY ¼ FL1Y  FL2Y
FLXY ¼ FL1XY  FL2XY ; etc.;
whereFL1X ¼ DL1X=DL1
FL2X ¼ DL2X=DL2
FL1XY ¼ ðFL1X Þ;y ¼ DL1Y  DL1X=ðDL1Þ2 þ DL1XY =DL1
FL2XY ¼ ðFL2X Þ;y ¼ DL2Y  DL2X=ðDL2Þ2 þ DL2XY =DL2; etc.;
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ﬃﬃﬃﬃﬃ
2a
p
q cosuþ q2
DL1X ¼ ðDL1Þ;x ¼ 
ﬃﬃﬃﬃﬃ
2a
p
½x CSP=q3 þ y  SNP=q3 þ x=q2
DL1Y ¼ ðDL1Þ;y ¼ 
ﬃﬃﬃﬃﬃ
2a
p
½y  CSP=q3  x SNP=q3 þ y=q2
DL1XY ¼ ðDL1Þ;xy ¼ 
ﬃﬃﬃﬃﬃ
2a
p
½2xy  CSP þ ðx2  y2Þ  SNP =ð2q7Þ  xy=q6; etc:; and
DL2 ¼ 2aþ 2
ﬃﬃﬃﬃﬃ
2a
p
q cosuþ q2
DL2X ¼ ðDL2Þ;x ¼
ﬃﬃﬃﬃﬃ
2a
p
½x CSP=q3 þ y  SNP=q3 þ x=q2
DL2Y ¼ ðDL2Þ;y ¼
ﬃﬃﬃﬃﬃ
2a
p
½y  CSP=q3  x SNP=q3 þ y=q2
DL2XY ¼ ðDL2Þ;xy ¼
ﬃﬃﬃﬃﬃ
2a
p
½2xy  CSP þ ðx2  y2Þ  SNP =ð2q7Þ  xy=q6; etc:(iii) The terms TC, TX, TY, TXY, TYY, etc. are deﬁned asTC ¼ arctan 2
ﬃﬃﬃﬃﬃ
2a
p
q sinu
q2  2a ; and
TX ¼ DT1=DT
TY ¼ DT2=DT
TXY ¼ ðTX Þ;y ¼ DTY  DT1=ðDT Þ2 þ DT1Y =DT
TYY ¼ ðTY Þ;y ¼ DTY  DT2=ðDT Þ2 þ DT2Y =DT ; etc:;
whereDT ¼ q4  4aq2 cos 2uþ 4a2
DTY ¼ 2y  4aðy cos 2u x sin 2uÞ=q2
DTYY ¼ 2;
DT1¼ 2
ﬃﬃﬃﬃﬃ
2a
p
½ RY 1PY 1þRY 2PY 2
DT1Y ¼ðDT1Þ;y ¼ 2
ﬃﬃﬃﬃﬃ
2a
p
½RY 11PY 1RY 1PY 11þRY 21PY 2þRY 2PY 21 and
DT1YY ¼ðDT1Þ;yy
¼ 2
ﬃﬃﬃﬃﬃ
2a
p
½RY 12PY 12RY 11PY 11RY 1PY 12þRY 22PY 2þ2RY 21PY 21þRY 2PY 22
DT2¼ 2
ﬃﬃﬃﬃﬃ
2a
p
½ RY 1PY 4RY 2PY 3
DT2Y ¼ðDT2Þ;y ¼ 2
ﬃﬃﬃﬃﬃ
2a
p
½RY 11PY 4þRY 1PY 41RY 21PY 3RY 2PY 31 with
DT2YY ¼ðDT2Þ;yy
¼ 2
ﬃﬃﬃﬃﬃ
2a
p
½RY 12PY 4þ2RY 11PY 41þRY 1PY 42RY 22PY 32RY 21PY 31RY 2PY 32
PY 1 ¼ y  CSP þ x SNP
PY 2 ¼ y  CSP  x SNP
PY 3 ¼ x CSP þ y  SNP
PY 4 ¼ x CSP  y  SNP
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PY 12 ¼ x SNP=q4  4xy  PY 4þ x
2  PY 1
4q8
PY 21 ¼ CSP  x PY 3=ð2q4Þ
PY 22 ¼ x SNP=q4 þ 4xy  PY 3 x
2  PY 2
4q8
PY 31 ¼ SNP þ x PY 2=ð2q4Þ
PY 32 ¼ x CSP=ð2q4Þ  xy  PY 2
q8
þ x PY 21
2q4
PY 41 ¼ SNP  x PY 1=ð2q4Þ
PY 42 ¼ x ðCSP þ PY 11Þ=ð2q4Þ þ xy  PY 1
q8
and
RY 1 ¼ 1
2q
; RY 11 ¼ y
4q5
; RY 12 ¼ 2q
4 þ 5y2
8q9
RY 2 ¼ a
q3
; RY 21 ¼ 3ay
2q7
; RY 22 ¼ 3að2q
4  7y2Þ
4q11A.2. The integrals and their derivatives for two special crack tip elements
Starting with the integrals I
1
C and I
2
C given in Section 3, the ﬁrst integral I
1
C ¼ Ic and its derivatives are the
same as those given in A.1 of this appendix. The integral I
2
C and its derivatives are as follows:I
2
C ¼
Z a
a
e
3
2 ln½ðx eÞ2 þ y212 de
I
2
C;x ¼
Z a
a
e
3
2ðx eÞ
½ðx eÞ2 þ y2 de ¼ x
Z a
a
e
3
2
½ðx eÞ2 þ y2 de
Z a
a
e
5
2
½ðx eÞ2 þ y2 de ¼ xA2  A3
I
2
C;y ¼
Z a
a
e
3
2y
½ðx eÞ2 þ y2 de ¼ y
Z a
a
e
3
2
½ðx eÞ2 þ y2 de ¼ yA2
I
2
C;xy ¼ yA2;x
I
2
C;yy ¼ yA2;y þ A2
I
2
C;xyy ¼ yA2;xy þ A2;x
I
2
C;yyy ¼ yA2;yy þ 2A2;y
and for the semi-inﬁnite case the following derivatives are also needed:I
2
C;xyyy ¼ yA2;xyy þ 2A2;xy
I
2
C;yyyy ¼ yA2;yyy þ 3A2;yy
where, A1 and its derivatives are given in section A of this appendix, A3 and, A2 and its derivatives which
needed for inﬁnite and semi-inﬁnite plane problems, are given as
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Z a
a
e
5
2
½ðx eÞ2 þ y2 de ¼ 
2
3
ð2aÞ32 þ 2xA2  ðx2 þ y2ÞA1and A2 and its derivatives can be written asA2 ¼
Z a
a
e
3
2
½ðx eÞ2 þ y2 de ¼ 2ð2aÞ
1
2 þ x
2 þ y2
2y
ðh1  h2Þ þ 2xA1 ¼ 2ð2aÞ
1
2 þ x
2 þ y2
2y
I0;y þ 2xA1
A2;x ¼ x
2 þ y2
2y
I0;xy þ xy I0;y þ 2xA1;x þ 2A1
A2;y ¼ x
2 þ y2
2y
I0;yy þ y
2  x2
2y2
I0;y þ 2xA1;y
A2;xy ¼ x
2 þ y2
2y
I0;xyy þ y
2  x2
2y2
I0;xy þ xy I0;yy 
x
y2
I0;y þ 2xA1;xy þ 2A1;y
A2;yy ¼ x
2 þ y2
2y
I0;yyy þ 2 y
2  x2
2y2
I0;yy þ x
2
y3
I0;y þ 2xA1;yy
A2;xyy ¼ x
2 þ y2
2y
I0;xyyy þ 2 y
2  x2
2y2
I0;xyy þ x
2
y3
I0;xy þ xy I0;yyy  2
x
y2
I0;yy þ 2xA1;xyy þ 2A1;yy
A2;yyy ¼ x
2 þ y2
2y
I0;yyyy þ 3 y
2  x2
2y2
I0;yyy þ 3 x
2
y3
I0;yy  3x
2
y4
I0;y þ 2xA1;yyyand for the semi-inﬁnite case the following derivatives are also needed:A2;xyyy ¼ x
2 þ y2
2y
I0;xyyyy þ 3 y
2  x2
2y2
I0;xyyy þ 3x
2
y3
I0;xyy  3x
2
y4
I0;xy þ xy I0;yyyy 
3x
y2
I0;yyy
þ 6x
y3
I0;yy  6xy4 I0;y þ 2xA1;xyyy þ 2A1;yyy
A2;yyyy ¼ x
2 þ y2
2y
I0;yyyyy þ 4 y
2  x2
2y2
I0;yyyy þ 6x
2
y3
I0;yyy  12x
2
y4
I0;yy þ 12x
2
y5
I0;y þ 2xA1;yyyywhereI0 ¼
Z a
a
ln½ðx eÞ2 þ y212 de ¼ yðh1  h2Þ  ðx aÞ lnðr1Þ þ ðxþ aÞ lnðr2Þ  2a
I0;x ¼ @I0
@x
¼ ln r1  ln r2
I0;y ¼ h1  h2
I0;xy ¼  yr21
 y
r22
 
I0;xx ¼  ðx aÞr21
 ðxþ aÞ
r22
 
¼ I0;yy
I0;xyy ¼  ðx aÞ
2  y2
r41
 ðxþ aÞ
2  y2
r42
 !
¼ I0;xxx
I0;yyy ¼ 2y ðx aÞr41
 ðxþ aÞ
r42
 
¼ I0;xxy
I0;xyyy ¼ 2 ðx aÞðr
2
1  4y2Þ
r61
 ðxþ aÞðr
2
1  4y2Þ
r62
 
I0;yyyy ¼ 2y 3ðx aÞ
2  y2
r61
 3ðxþ aÞ
2  y2
r62
 !
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2  y2Þ
r81
 ðxþ aÞððxþ aÞ
2  y2Þ
r82
 !
I0;yyyyy ¼ I0;yyyyy  8y
2 5ðx aÞ2  y2
r81
 5ðxþ aÞ
2  y2
r82
 !The terms h1, h2, r1 and r2 are deﬁned in Eq. (9) in Section 2.1.References
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